The Thomson scattering spectra by an electron moving in the laser-magnetic resonance acceleration regime are computed numerically and analytically. The dependence of fundamental frequency on the laser intensity and magnetic resonance parameter is examined carefully. By calculating the emission of a single electron in a circularly polarized plane-wave laser field and constant external magnetic field, the scale invariance of the radiation spectra is evident in terms of harmonic orders. The scaling law of backscattered spectra are exhibited remarkably for the laser intensity as well for the initial axial momentum of the electron when the cyclotron frequency of the electron approaches the laser frequency. The results indicate that the magnetic resonance parameter plays an important role on the strength of emission. And the rich features of scattering spectra found may be applicable to the radiation source tunability.
I. INTRODUCTION
The significant and continuous development of the chirped-pulse amplification technique [1] has intrigued many researches in the high field science with rich nonlinear features [2] [3] [4] [5] [6] . Particularly the laser-matter interaction has also provided the possibility to achieve the advanced x-ray sources. Various schemes have been proposed and developed for the compact and tunable x-ray sources, for example, the high harmonic generation (HHG) [7, 8] , the Thomson and Compton scattering [2] [3] [4] [5] [6] 17] and the free electron laser (FEL) [9] and so on.
The generation of x rays by the Thomson scattering, i.e., the scattering spectrum produced by the relativistic electron in the high-intensity laser field, exhibits the rich structure and even irregular distribution characteristic. Several studies [18] [19] [20] [21] [22] about the Thomson-scattering are focused on the characteristics of spectrum dependence of an external uniform magnetic field. The external magnetic field not only confines the transverse motion of the electron but also distorts the laser field so that the resonance absorption of emission [21] occurs.
Most of former researches have been based on the assumption that the frequency of harmonic radiation is an integer multiple of the laser frequency, however, this assumption is not valid when the laser field as well an external magnetic field are both presented. Actually the perspective of the laser-magnetic resonance acceleration [26] [27] [28] [29] [30] [31] [32] tells us that the relativistic cyclotron motion will occur in transverse direction under an external magnetic field. This cyclotron-resonance motion will affect the frequency of emission. For example the authors in Ref. [31] demonstrates that the electron will emit radiation at high harmonics of the cyclotron frequency in the plane of the electron cyclotron orbit. Beside, when the cyclotron-resonance condition is met, i.e., the cyclotron frequency approaches to the laser frequency, the periodic motion electron makes would result in that the fundamental frequency of harmonic emission is neither the laser frequency nor the cyclotron frequency for the backscattered Thomson spectra [16] . Evenly the impact of cyclotronresonance degree of the electron motion upon the radiation spectrum can be adjusted by changing the electron orbit. Since the phenomena of Thomson scattering spectra of moving electron in the combined laser-magnetic fields are very rich and highly nonlinear and some influences of factors are not included in previous researches, on the other hand, motivated by the advantage of electron resonance acceleration in laser field assisted by the external magnetic field in our previous study [32] , we study the involved Thomson scattering in presence of laser and magnetic field.
In this paper, we consider the motion of the electron in circularly polarized laser-plane wave and static magnetic field. Different from the former works [23, 24] , our analytic solution of the motion equation indicates that the electron makes the strict periodic motion, therefore, the fundamental frequency of harmonic radiation would be affected by the combination of factors which include the period of the electron motion, the direction of observation and the electron orbit rather than only the laser frequency or the cyclotron-resonance frequency studied in Ref. [15, 16] . On the other hand,it is found that the fundamental frequency of harmonic emission is independent of the initial phase of the electron with respect to the laser field, this point is contrast to the work by He [16] .
By the way the magnetic resonance parameter defined in magnetic resonance acceleration, see our previous work [32] , which plays an important role in our studied problem, is used to present the relationship between the degree of cyclotron resonance and the emission spectra. The main finding of the present work is the scale invariance of the backward scattering spectrum on the basis of integer harmonic orders especially the laser intensity and the magnetic resonance parameter are used as scale parameters in highly cyclotron resonance cases. By the theoretical analysis and numerical results, the scaling laws of magnetic resonance parameter as well the initial axial momentum are found and its implications are discussed.
The paper is organized as follows. In Sec. II, the momentum and trajectory of the electron in the circularly laser-plane field and constant external magnetic field are derived from the parametric equations of the normalized laser intensity, the magnetic resonance parameter and the phase of the electron. The energy of the electron is also given in the parametric form. The feature of the radiation spectrum via the analytic formula is given. In Sec. III, the backscattered spectrum is obtained numerically and compared with analytic results in previous section. Our main conclusions and a brief discussion will be given in the final section.
II. BASIC EQUATIONS
In the present paper, we consider the problem of Thomson scattering by an electron (with mass m and charge −e) moving in an intense plane wave and an external uniform magnetic field. It is assumed that the plane wave, with vector potential amplitude A 0 and frequency ω 0 , is circularly polarized and propagates in the positive z direction. An external uniform magnetic field B 0 is also along the positive z direction. By denoting the phase of the laser field as η = ω 0 t −k·r, where k and r is the laser wave vector and electron displacement vector, respectively, then the combinational total vector potential of laser and uniform magnetic fields can be expressed as
therefor, the corresponding electric field E and magnetic field E will be derived from the vector potential A via the equations
The dynamics of electron will be studied on the basis of the following energy-momentum transfer equations: dp dt
and
where p is the electron relativistic momentum, β is the electron velocity (in units of c) and
is the electron relativistic factor. For convenience, we normalize time by 1/ω 0 , velocity by c and distance by k 
A. The trajectory solutions
Since that an electron moves in constant circularly laser light, the constant of motion is readily obtained as ς = γ − p z = γ 0 − p z0 . From Eqs. (4) and (5), we obtain the equations of electron motion
where ω b = b/ς is the modified cyclotron frequency of the electron motion in the combined magnetic and laser fields. We assumed that the phase η has an initial value η in = −z in at t = 0.
In order to describe the electron energy gain in the laser field and also the Thomson scattering spectra in the following we define the resonance parameter as n = 1/ |ω b − 1|. Obviously, more approaching to ω b = 1 when resonance condition satisfies, more high value of n is. Thus we call it a high degree resonance when n ≫ 1.
By using Eqs.(6-7), we will obtain the momentum and energy of the electron as
From Eqs. (8) (9) (10) (11) , it is evident that the momentum and energy of the electron have a singularity at b = ς, i.e., ω b = 1 in the strict cyclotron resonance condition. By the way the energy may have two resonant points b = ±ς that correspond to the left-hand and right-hand circularly polarized laser field [30] . For simplicity we only care about the plus situation. Obviously from the analytical formula of the transverse momentum and the energy it is found that the transverse momentum will increase as n by the order of n, meanwhile the energy will increase by n 2 .
Finally the equations of the electron trajectory can be obtained via dr/dη = p/ς as follow
B. Emission spectra
The electron's trajectory r and the normalized velocity β can be used to get the radiation spectrum by the accelerated electrons. The radiation energy emitted per unit solid angle dΩ and per unit frequency interval dω is given by (see [25] )
From Eq. (15), we will obtain emission spectrum in unit of
in the direction of the unit vector n (do not confuse with the magnetic resonance parameter n, please) per unit solid angle dΩ and per unit frequency dω as
where the dimensionless radiation frequency and vector is denoted still as ω = ω/ω 0 and F(ω) = ω 0 F(ω). Now the dimensionless vector is
Under the electron's periodic motion, its momentum p(η) has period T as p(η + T ) = p(η) but the displacement is r(η + T ) = r(η) + r 0 , where T =
= 2πn is the period of the electron momenta and r 0 = (0, 0, T
is the drift displacement vector of the electron during one period. Note that the dimensionless vector F(ω) can be expanded as an infinite series of delta function at the harmonics of the fundamental frequency of the emission spectrum [16] as
where the fundamental frequency in dimensionless form is given by
and the m th amplitude is
with
Now we can give some simple discussions on the relation between the resonant parameter n and the fundament frequency ω 1 in the case of backscatter when n = (0, 0, −1). By substituting T = 2πn and r 0 into Eq.(19), the backscatter fundamental frequency ω 1 = ς 2 n+2n 3 a 2 can lead to two limiting cases of ω 1 ∼ 1 n 3 a 2 when (na) 2 ≫ 1 and
Obviously under the given laser intensity, the larger n is, i.e., strong resonance parameter, the easier the condition of (na) 2 ≫ 1 satisfies. Thus when the laser intensity is given the backscattered spectrum can be adjusted to the high frequency regime by choosing the appropriate magnetic resonance parameter n.
Now let us focus our attention onto the F m and the corresponding emission intensity I m , we get the radiation spectrum as
where
In order to specifically analyze the typical features of the Thomson backscattered spectrum, we employed the integral expression of Integer order Bessel function J n (x) = 1 2π 2π 0 exp i (nξ − x sin ξ) dξ into Eq. (21) and Eq. (22) and for simplicity the assumption that the resonance parameter n is an integer number is also made. Then the analytic expression of radiation spectrum is given now by
where we define z m = mω 1
n+2n 3 a 2 in order to simplify the formula of radiation spectrum. While we do not intend to study the forward scattering in this paper it is worthy to say a few words about it. Obviously from Eq.(19) the fundamental frequency of forward scattering spectrum is ω 1 = 2π T = 1/n. By contrast to the back direction, the forward scattered fundamental frequency is independent of laser intensity a. So the red shift appear in the backscattered spectrum with the increase of the laser intensity is absent in the forward scattered spectrum. On the other hand, the frequency of spectrum decrease in high degree of electron resonance (n ≫ 1) occurs in both of backward as well forward scattering.
III. NUMERICAL RESULTS AND ANALYSIS

A. Thomson backward scattering spectra and its scale invariance
The Thomson backward scattering spectra of the moving electron in laser and magnetic fields are presented in Fig. 1 of Fig. 1 , one see that when the laser intensity a increases from 0.5 to 5, the emission intensity of low frequency spectra decreases sharply with the increase of the laser intensity. However, the high frequency part of emission will increase while the radiation strength has decreased and the saturation effect of the backscattered radiation in Ref. [23] is also appeared in Fig. 1(b) . On the other hand, given the laser intensity a = 0.25, when the resonant parameter n varies from 20 to 100, an apparent oscillatory feature of the spectrum appears in (c) and (d) of Fig. 1 that indicates the subsequent re-emission and -absorption of the electron radiation in the fields. This type of the spectra presents the enhanced resonant radiation of the electron which exchange the energy with the laser field. The oscillatory behaviors can be as an intensification as a situation of high degree of resonant emission. In addition, the intensity of the radiation also decreases when the resonance parameter is larger, i.e. the electron is closer to the resonance condition. Obviously the high frequency spectrum dominates the radiation, especially in strong resonance situation. In the all observations of Fig. 1 , one can conclude that the intensity of emission will be reduced when the laser intensity a or the magnetic resonance parameter n increases. This phenomenon should not be surprising. Because when (na) 2 ≫ 1 the normalized energy of the electron γ ∼ (na) 2 ≫ a,the peak emission will appear in forward scattered direction, see Ref. [33] .
Another interesting phenomenon we found is the scale invariance of the spectrum for either the laser intensity a in high degree resonance regime where magnetic resonance parameter n ≫ 1 or the initial electron axial momentum p z0 . In the former case some of the backscattered spectrum is calculated numerically for integral orders of harmonic from 0 to 600, which are shown in Fig. 2, where the magnetic resonance parameter n = 40 is chosen and fixed and the laser intensities are a = 1, 3, and 5 from (a) to (c), respectively. Obviously the shape of backward scattering spectrum remains unchanged almost except that the intensity of the spectrum will decrease as laser intensity a increases.
We also research the relationship between the spectrum of the radiation and the axial initial momentum of the electron. The spectrum of integer orders of harmonic is plotted in Fig. 3 the high degree resonance regime. Moreover it seems lack of scale invariance about n when a and p z0 are fixed because the n appear not only in the argument variables but also the orders of Bessel functions, see Eqs. (24) (25) .
From results aforementioned it is found that the scale invariance of the spectrum exists in the Thomson backscatter spectra. This scale invariance implies also that the intensity of Thomson backscattered spectrum is inversely proportional to some powers of the laser intensity a and the initial axial momentum p z0 for given special m th harmonic. This intrigues directly the following study about the scaling law.
B. The scaling law of Thomson backward scattering spectra
The scaling law of the backward radiation with respect to the intensity of the laser field is observed when it varies from a = 1 to a = 10 in high degree cases of magnetic resonance. In n = 60, respectively, reminded by the scale invariance of the spectrum exists in high resonance region from previous discussion. On one hand it is known that the intensity of the spectra will decrease with the increase of resonance parameter which is in accordance with Fig. 3 . On the other hand the intensity of the spectrum is proportional to the laser intensity a −6 in high resonance regime where n ≫ 1. This scaling law concerning a is also in accordance with Fig. 2 . When the laser intensity a changes from 1 to 10, the scaling law always holds when the high magnetic resonance parameter is satisfied.
Similarly, Fig. 3 , which displays the scale invariance of the initial axial momentum, reminds us that the existence of the scaling law of p z0 . In Fig. 5 we show the results of the backward radiation for harmonic orders of m = 100, 200, 300, 400 and 600, where p z0 is changed from 1 to 10 but 4.0x10 -6 6.0x10 4.0x10 -14 6.0x10 No matter how the laser intensity a or magnetic resonance parameter n changes, the scaling law of the spectra about the electron initial axial momentum remains always good. This also indicates that the magnetic resonance parameter and the laser intensity are independent factors to create the scaling law of the initial axial momentum.
The theoretical interpretation of the observed scaling law above can be derived from Eqs. monic orders in Fig. 2 and Fig. 3 . It leads that the shape of the spectra is invariable when the magnetic resonance parameter n ≫ 1 which corresponds to the high resonance region.The scaling law of the magnetic resonance parameter n is undiscovered,because n can affect the order of Bessel function from the analytic results.
On the other hand, the intensity of the backscattered spectrum is proportional to ω . This negative sixth power law of the laser intensity a and the initial axial momentump z0 explains analytically for the scaling laws observed in Fig. 4 and Fig. 5 numerically. It is worthy to point out that this power law relationship reveals the effects of the laser intensity and the magnetic resonance acceleration electron on the emission of the radiation, which has not been unveiled in previous works.
IV. CONCLUSIONS AND DISCUSSIONS
In this study the Thomson backscattered spectrum of the electron has been explored in the framework of laser-magnetic resonance acceleration. When the electron is close to the resonance motion regime, i.e., the magnetic resonance parameter n ≫ 1, the intensive re-emission andabsorption can not only lead to a series of peaks of backscattered spectra but also result in the saturation of the high frequency spectra. The backward scatter fundamental frequency under combined laser and magnetic fields can be simplified as ω 1 ∼ 1 n 3 a 2 when (na) 2 ≫ 1 and ω 1 ∼ 1 n when (na) 2 ≪ 1. For high resonance regime, we can adjust the degree of magnetic resonance to move the backscattered spectrum towards high frequency region with the same laser intensity.
The scale invariance of the spectrum based on harmonic orders m is found, when the laser intensity a and initial axial momentum p z0 are considered as scale factors. The absence of n as the scale factor is that it can not only appear in the argument of functions but also appeared as the order of Bessel functions. The spectrum will maintain its shape with different laser intensity in high resonance regime and initial axial momentum. The only difference is the decrease of radiation as the increasing of laser intensity and axial initial momentum. We also obtain the analytic formula of the radiation emission for the sake of quantitatively explaining its feature. The scaling law of the radiation is derived as
in the condition of n ≫ 1 and p z0 ≫ 1, which means that the intensity of emission is inversely proportional to the sixth power of the laser intensity a and to the initial axial momentum p z0 . This fact accords with the scale invariance of backscattered spectrum. These interesting results reveal the possibility of tunable and compact advance x-ray source. Especially when the laser field intensity is limited we can adjust the magnetic field as an alternative way to give higher frequency of harmonic radiation.
In present study some questions are not included so that the involved problem is still open. For example, the classical model we use in this paper excludes the radiation reaction effect. The different configuration of external magnetic field maybe produce the different effect to the spectrum.
In addition, the forward scattering spectrum is also altered by magnetic resonance effect which is not studied in present paper. Recently the involvement of quantum effect has been considered by the total quantum description of Compton scattering in Ref. [34] . Obviously these impact factors beyond the scope of present study and worthy to be analyzed and studied in the future.
